Abstract. Given a lattice polytope, the secondary fan is a combinatorial structure on the space of all tropical polynomials supported on the polytope. We consider rationally weighted formal sums of cones in the secondary fan as an approximation to a tropical variety. By using tropical intersection theory, we are able to intersect these formal sums with point-condition-imposing hyperplanes. Formal sums satisfying certain conditions give intersection numbers that are invariant of the choice of point-conditions. These intersection numbers are generalizations of classical enumerative invariants. By computing the degree of cones corresponding to nodal tropical curves, we are able to relate these invariants to Mikhalkin's work on Gromov-Witten invariants.
1. Introduction 1.1. Overview. Tropical enumeration of curves was introduced by by Mikhalkin [6] , and has been studied by Itenberg, Kharlamov, and Shustin [5] , Gathmann and Markwig [3] , and Nishinou and Siebert [8] among others.
The purpose of this paper is to generalize Mikhalkin's tropical approach to enumerative invariants of curves in toric surfaces and to introduce methods of polytope geometry to the enumerative geometry of curves.
Let P be a closed lattice polygon in Z 2 . Let A = P ∩ Z 2 . Associated to A is the secondary polytope in R A . Its normal fan, the secondary fan parameterizes regular subdivisions of P which are a super-set of combinatorial types of tropical curves in R 2 . The cones of codimension greater than or equal to 1 in the secondary fan form a tropical variety. We will consider higher codimension cones in the secondary fan weighted by rational numbers. By intersecting these weighted sums of cones by hyperplanes that impose point conditions, we may produce intersection numbers. We will provide a condition on the rational weights that will ensure that the intersection numbers are independent of the choice of generic point conditions and are therefore enumerative invariants.
Intersection Theory and General
Position. We will make use of tropical intersection theory in our computation. Computing tropical intersection numbers involves summing over local multiplicities which occur as lattice indices.
To intersect cones in the secondary fan by point condition hyperplanes, we need a general position condition to ensure that the point conditions are sufficiently generic that we get a well-defined degree. Also, we will need a moving lemma to perturb our pointcondition hyperplanes to be able to compute the lattice index and show that the lattice index sum is independent of the perturbation. The moving lemma is Theorem 4.2.3 1.3. Invariant Sums. We will ask which formal sums of cones in the secondary fan lead to invariants. By using some results of Mikhalkin [7] , we will be able to give a sufficient condition for a formal sum to be invariant. We can also translate such a condition in terms of weights on faces of the secondary polytope.
The invariants that we produce are new and have not, to our knowledge, been studied before. We hope that these invariants can shed light on tropical curve enumeration, give insight to more general degenerations in relative Gromov-Witten theory, and possibly provide new algorithms.
Relation to Mikhalkin's Work.
There is a formal sum of cones whose intersection gives Gromov-Witten invariants. To find such a formal sum, we use area( ) E∈IE l(E) the product of twice the areas of the triangles times the product of the area of the parallelograms divided by the product of the lattice lengths of the internal edges.
We should note that Mikhalkin's algorithm for computing Gromov-Witten invariants counts such intersections with multiplicity ∆ (2area(∆)) Therefore, one may form a formal sum of cones in the secondary fan where the cone corresponding to a subdivision is weighted by
Intersecting such a formal sum of cones with point conditions will compute GromovWitten invariants. This comparison of the intersection theory of the secondary fan with Gromov-Witten invariants begins to address a question raised by Dickenstein, Feichtner, and Sturmfels in [2] . I would like to thank Christian Haase for learning tropical geometry with me and suggesting this line of investigation, Eugenii Shustin and Joshua Davis for valuable conversations, and Bernd Sturmfels and Hannah Markwig for many helpful comments regarding the manuscript.
Background
We adopt the point of view of [9] . The field of Puiseux series will be denoted by K = C{{t}}. Let ord : K \ {0} → Q denote the valuation defined by ord(c 1 t
where c i = 0, q i ∈ Q, and q 1 < q 2 < . . . . A tropical variety will be defined as the closure of the image of a variety W ⊂ K n under the order map Trop : (K \ {0}) n → Q n . A hypersurface in K 2 can be defined by an equation
where a ij ∈ K. By Kapranov's theorem, this hypersurface's corresponding tropical variety is the locus of points (x, y) ∈ R 2 where the minimum
is achieved twice.
In the sequel, we will often abuse notation and denote both x ∈ K and ord(x) ∈ Q by x. We may also state equations involving real powers of t knowing that while such equations make no sense, their tropicalizations do.
3. The Secondary Fan 3.1. Background on the Secondary Fan. We state some definitions involving the secondary fan [4] . Let P be a closed lattice polygon in Z 2 . Let A = P ∩ Z 2 . We can study tropical hypersurfaces in R 2 supported on A, that is, ones cut out by the tropicalization of the equation
Define ψ ∈ R A by ψ(i, j) = a i,j . Let the upper hull UH(ψ) of ψ be the convex hull of the subset of R 3 given by
The lower faces of UH(ψ) project to P giving a regular subdivision. The tropical variety is dual to the regular subdivision. Define the lower convexity LC(ψ) of ψ to be the function LC(ψ) : P → R whose graph is the lower faces of UH(ψ). Given ψ ∈ R A , we may form the minimal cone of the secondary fan containing ψ following [4] . Let C(ψ) be the cone in R A for which χ ∈ C(ψ) if and only if
(1) The subdivision associated to χ is the subdivision associated to ψ or a coarsening of it (2) χ(i, j) = LC(χ)(i, j) for all (i, j) for which ψ(i, j) = LC(ψ)(i, j). The lattice points (i, j) for which ψ(i, j) > LC(ψ)(i, j) are called missing lattice points.
These cones glue together to form a fan called the secondary fan.
Definition 3.1.1. A function ψ : A → R is said to be effective if ψ = LC(ψ)| A or, in other words, ψ is convex.
Note that if ψ is effective then every function in C(ψ) is effective. Such cones are called effective. They are equivalently characterized as having no missing lattice points.
The secondary fan is the normal fan of a polytope in R A called the secondary polytope.
Definition 3.1.2. A cone in the secondary fan is said to be nodal if its corresponding subdivision consists only of triangles and parallelograms.
Lemma 3.1.3. The dimension of a cone in the secondary fan obeys the inequality
where #MLP is the number of missing lattice points, F , IE, V, IV are the faces, internal edges, vertices and internal vertices of the regular subdivision, and E(F ) is the number of edges of a face. For an effective nodal subdivision, this becomes an equality (by [6] ) and simplifies to
where # , #∆, #EE are the numbers of parallelograms, triangles, external edges respectively.
The cones in the secondary fan of codimension greater than or equal to 1 form a tropical variety, the one associated to the hypersurface cut out by the principal A-determinant.
4. Intersection Theory 4.1. Background. Rational tropical cycles are equidimensional integer piecewise-linear polyhedral complexes weighted by rational numbers. They obey an intersection theory as outlined in [7] . If we are given tropical varieties whose intersection is zero dimensional, we define the degree of the intersection as the sum of the weights on the points of the intersection. The weight of each point is the product of the weights of the polyhedral cells in each variety that contain the point times an intrinsic multiplicity coming from the intersection. The intrinsic multiplicity occurs as the lattice index or equivalently as the determinant of an integer matrix. Here one should think, in analogy to classical algebraic geometry, of the weights of the cells as the multiplicities of varieties in a cycle and the intrinsic multiplicity as the length of the local ring given by intersecting the varieties with induced reduced structure. One obtains the degree of a zero-dimensional tropical variety by summing the weights.
Definition 4.1.1. Given varieties W 1 , . . . , W k in K n whose codimensions sum to n. Let V i = Trop(W i ). Suppose every intersection V 1 ∩ V 2 ∩ · · · ∩ V k occurs in the relative interior of a top dimensional face of V i . Let (a 1 , . . . , a n ) be such an intersection point and let L i be the lattices of integer vectors perpendicular to the face of V i in which (a 1 , . . . , a n ) lies. Then the multiplicity of the intersection is the lattice index of
times the product of the weights on the faces of the V i 's in which the intersection occurs. We denote the sum of multiplicities by deg(
We can projectivize the above definition. Suppose that we have varieties in
following [9] , and V i as cones in R n+1 . If L i are the lattices as above, then L 1 +L 2 +· · ·+L k span ker(·(1, . . . , 1)), and the appropriate multiplicity is the lattice index of L 1 +L 2 +· · ·+ L k + e i where e i is some standard basis vector. Since e i − e j is in the span of L 1 + · · · + L k , the lattice index is independent of the choice of i. The choice of e i corresponds to picking inhomogeneous coordinates.
4.2.
The intersection problem.
2 , the point condition hyperplane corresponding to p is the tropical variety in R A cut out by the tropicalization of
If C is a cone in the secondary fan of dimension m + 1, viewed as an m-dimensional polyhedron in T P |A|−1 we will intersect C with m hyperplanes, H p 1 , . . . , H pm corresponding to points in a suitable notion of general position. Intersecting with H p i corresponds to forcing the tropical variety defined by
to pass through p i . We will find the following construction useful in general position arguments. Given a cone C ⊆ R A of dimension m + 1, consider
Write the coordinates of each R 2 as (x k , y k ). Let V l (C) be the tropical subvariety of
l cut out by the tropicalization of the equations
is of dimension at most m + l (since we have projected out the symmetry a ij → λa ij ). For (x i , y i ) ∈ R 2 , we have the trivial observation that for distinct points (x i , y i )
A of dimension m + 1 in the secondary fan will intersect m generic point condition hyperplanes only if the cone is effective.
Proof. We can restate this lemma by saying a cone is effective if dim π 2 (V m (C)) = 2m.
If the cone is not effective then there exists (i, j) ∈ A such that for every φ ∈ C, φ(i, j) ≥ LC(φ)(i, j). Then φ(i, j) can be varied without changing the corresponding tropical variety. This is a wasted degree of freedom.
We will intersect cones in the secondary fan with point condition hyperplanes. A topdimensional cell in the point condition hyperplane is of the form
). An integer vector normal to such a cell is a multiple of
Unfortunately, if (i 1 , j 1 ), (i 2 , j 2 ) lie along the same edge of the regular subdivision, the intersection C ∩ H p 1 ∩ · · · ∩ H pm will not, in general, occur in the top dimensional cell of each variety because the intersection will occur along the smaller dimensional cell given by
where (i 1 , j 1 ), (i 2 , j 2 ), . . . , (i e , j e ) are lattice points along an edge of the regular subdivision. However, we may perturb H p slightly so that the intersection does occur in a topdimensional face. We have the following general position theorem which we will prove below. 
there is an arbitrary small perturbation of
(1) Every point of intersection of
occurs in a top dimensional cell of C i and the
occurs in a cell cut out by
where (i 1 , j 1 ), (i 2 , j 2 ) are lattice points on the same edge of the regular subdivision. In addition, the perturbation ǫ ij may be chosen so that (i 1 , j 1 ), (i 2 , j 2 ) are endpoints of an edge of the regular subdivision.
In the case where (i 1 , j 1 ), (i 2 , j 2 ) are endpoints, we say we have full point conditions. Let us fix an effective cone C in the secondary fan. If we have full point conditions, let us color the edges in the regular subdivision corresponding to the point conditions obtaining a subgraph of the 1-skeleton of the regular subdivision. Note if the p's are chosen generically, the graph has no circuits and is called the point condition forest. 
where (v 0 , v 1 ) are endpoints of an edge in the point condition forest. PC is called the point condition lattice.
Definition 4.2.5. Let (I, J) ∈ A be a vertex of the regular subdivision. Define the enriched point condition lattice P C 1 by
If L is the lattice of integer vectors perpendicular to C, then the intersection multiplicity is the lattice index of
∨ . Theorem 1.4.1 allows us to compute this lattice index if C is an effective nodal cone.
Note that while P C 1 is dependent on the choice of (I, J), L + P C 1 is not.
General Position

Notion of General Position.
In this section, we prove Theorem 4.2.3. We will first work with the point condition hyperplanes and then perturb. Let C be an effective cone with dim(C) = m + 1. We will consider the associated variety
and also write a ij = ψ(i, j).
A point (a ij , x, y) ∈ V 1 (C) has the function a ij + ix + y minimized at a pair of points (i 1 , j 1 ) and (i 2 , j 2 ). The choice of (i 1 , j 1 ), (i 2 , j 2 ) decomposes V 1 (C) into cones. Denote the sub-cone of V 1 (C) corresponding to (i 1 , j 1 ) and (i 2 , j 2 ) by
do not belong to the same edge of the regular subdivision corresponding to C then dim
Proof. Let us temporarily replace ψ by ψ − ix − jy − a i 1 j 1 so that ψ(i 1 , j 1 ) = ψ(i 2 , j 2 ) = 0 while ψ(i, j) ≥ 0. Let S be the segment between (i 1 , j 1 ) and (i 2 , j 2 ). First we note that if S crosses the interior of a face of the regular subdivision then ψ = 0 along that face. This imposes two conditions on the a ij 's. Therefore S must lie along edges of the regular subdivision. If S contains a vertex of the regular subdivision, then ψ of that vertex must be 0. Therefore the slope of the edges on either side of that vertex must be zero which likewise imposes two conditions. Therefore, the set of points, W in V m (C) where the equality is achieved at
where (i 1 , j 1 ), (i 2 , j 2 ) do not lie on the same edge in the regular subdivision for some k is of positive codimension. Therefore, we can include avoiding π 2 (W ) in our notion of general position.
Likewise, for D any ineffective cone with dim( 2 (p) ∩ V l (C) the neighborhood B (2|A|+1)ǫ (q) does not intersect B. This is possible because there are finitely many such q. We perturb
occurs in a top dimensional cell of C and the H ′ p 's, the intersection corresponds to pairs (i 1 , j 1 ), (i 2 , j 2 ) along edges in the regular subdivision, and the H ′ p 's do not intersect ineffective cones of dimension equal to dim(C).
By our choice of ǫ, the intersection of the H ′ p 's will not intersect an ineffective cone or a smaller dimensional sub-cone of C. We now must show that the intersection occurs in a top dimensional cell of the H ′ p 's.
Note that the choice of ǫ also ensures that the intersection occurs in a sub-cell of the cell of H
and the possible values of m + z are exactly the negatives of the slopes of the lower onedimensional faces of the upper hull of the function l → ǫ l . The condition that min(l(m + z) + ǫ l ) is achieved exactly twice is that the each lower one-dimensional face contains only two of the points (l, ǫ l ). It is easy to choose ǫ k,ij so that this always happens. In fact, if one chooses ǫ k,ij = −δ k (i 2 + j 2 ) for δ k > 0 small, one has that the minimum is only achieved at l = 0, e. This ensures full point conditions. 5.3. Full and Partial Point Conditions. We show that given an intersection
the sum of lattice multiplicities corresponding to the intersection points is independent of the choice of ǫ k,ij chosen according to the above prescription. We will do this by showing that the sum of lattice multiplicities is equal to the sum lattice multiplicities achieved when there are full point conditions.
Let us fix the ǫ k,ij 's except for one k. According to the above, we get an intersection for each m satisfying
The possible values of l 1 , l 2 are adjacent values in an integral subdivision of [0, e], n 0 = 0 < n 1 < . . . , n f = e.
Let v 0 , . . . , v e be the ordered lattice points along E. The lattice index for a choice of l 1 , l 2 corresponding to (i 1 , j 1 ), (i 2 , j 2 ) is the absolute value of a determinant that has a row with −1 in the column corresponding to (i 1 , j 1 ) and a 1 in the column corresponding to (i 2 , j 2 ) and 0 elsewhere. This comes from a point condition φ v l 2 − φ v l 1 . Because the secondary fan condition forces the graph of the a ij 's along E to lie along a line, the following vectors are in the secondary fan lattice
For any l > l ′ , we have
is the determinant corresponding to the lattice index of the intersection occurring for a particular choice of l 1 , l 2 , we have
These determinants all have the same sign and the sum over all choices of l 1 , l 2 given by a choice of ǫ ij is equal to det[φ ve − φ v 0 ] which is the lattice index for full point conditions along E.
6. Tropical Invariants 6.1. Weakly Balanced Formal Sums. In this section, we consider formal rational sums of m + 1 dimensional cones in the secondary fan given by
Definition 6.1.1. A formal sum S is said to be an invariant if the intersection number given by
We give a sufficient condition on formal sums (considered as rationally-weighted integer polyhedral complexes) to be invariants. In section 4 of [7] , Mikhalkin defines a k-cycle to be a k-dimensional balanced integer piecewise-linear polyhedral complex weighted by integers where Definition 6.1.2. A weighted integer piecewise-linear polyhedral complex X ⊂ R n of dimension k is said to be balanced if for all k − 1-dimensional faces Q, the following is true: Let P 1 , . . . , P k be the k-dimensional faces adjacent to Q. The affine-linear space containing Q defines a linear projection λ : R n → R n−k+1 . Let q = λ(Q) and p j = λ(P j ) noting that p j are intervals adjacent to q. Let v j ∈ Z n−k+1 be the primitive integer vector parallel to p j in the direction from q multiplied by the weight of P j , then
It is a triviality to replace integer weights by rational weights. Mikhalkin states a theorem that that the intersection product of two cycles deg(B 1 • B 2 ) is a deformation invariant of B 1 and of B 2 . His notion of deformation includes that of deforming H
through hyperplanes for p 1 , p 2 ∈ R 2 . Therefore, a balanced formal sum S is automatically an invariant. Although the proof of Mikhalkin's theorem is yet to be published, a proof can be given by a wall-crossing argument similar to the one given in [11] .
Because H ′ p 's do not intersect ineffective cones, the weights of the ineffective cones do not contribute to the intersection. Therefore, when considering a formal sum of cones in the secondary fan, we may weaken balancing to the following condition: Definition 6.1.3. A formal sum of m + 1-dimensional cones in the secondary fan is said to be weakly balanced if for all m-dimensional cones Q of the secondary fan, the following is true: Let P 1 , . . . , P k be the m + 1-dimensional cones in the formal sum adjacent to Q. Let N 1 , . . . , N l be the ineffective m + 1-dimensional cones adjacent to Q. The affine-linear space containing Q defines a linear projection λ :
n−m be the primitive integer vector parallel to p j in the direction from q multiplied by r j and let w j ∈ R n−m be a vector parallel to n j then l j=1 v j ∈ Span(w 1 , . . . , w l ).
Theorem 6.1.4. A weakly balanced formal sum of m + 1-dimensional cones in the secondary fan gives an invariant.
6.2. Polyhedral Sums. The secondary fan occurs as the normal fan of the secondary polytope, Σ(P ). Therefore, we may rewrite the weakly balancing condition in the language of polyhedral geometry.
Definition 6.2.1. An m-dimensional secondary sum is the assignment of rational weights by a function r : Σ(P ) m → Q to m-dimensional faces of the secondary polytope.
Definition 6.2.2.
A m-dimensional secondary sum is said to be weakly balanced if for every m+1-dimensional face Q the following holds: let P 1 , . . . , P k be the facets of Q corresponding to effective cones and N 1 , . . . , N l be the facets of Q corresponding to ineffective cones. Translate Q so that it contains the origin. Let V be the minimal linear subspace containing Q. Let v 1 , . . . , v k be the primitive integer vectors normal to P 1 , . . . , P k in V . Let w 1 , . . . , w l be vectors normal to N 1 , . . . , N l . Then Example 6.2.7. As stated in the introduction, the formal sum of nodal effective cones where each cone is weighted by
gives Gromov-Witten invariants. We have not yet checked if such weights give a weakly balanced formal sum although they do give an invariant by [6] . We can also consider related formal sums that give the relative tropical invariants of Gathmann and Markwig [3] and the Welschinger invariants [6] . One should note that these weights may not be integral. This corresponds to the fact that the tropicalization of the Severi variety is not always supported on cones in the secondary fan. See [10] for a patchworking procedure that could be used to identify the cones in the tropicalization of the Severi variety.
The paper of Billera and Sturmfels [1] on fiber polytopes gives a very rich source of invariant formal sums. This paper gives many Minkowski sum decompositions of the fiber polytope. Because the normal fan of a Minkowski sum is the refinement of the normal fans of the summands, a weakly balanced weight-assignment on a Minkowski summand induces a weakly balanced formal sum of cones in the secondary fan and, therefore, an invariant.
In the future, we hope to investigate the properties of such invariants. In particular the invariants related to boundary fibers Σ(∆ |A| , ∂ i Conv(A)) (see section 3 of [1] ) may be related to relative Gromov-Witten invariants. Given a Minkowski sum decomposition of the secondary polytope, it may sometimes be possible to multiply invariants coming from each summand. This corresponds to taking the intersection product of the corresponding weighted normal fans.
Lattice Index for Nodal Effective Cones
In this section, we prove Theorem 1.4.1.
7.1. Inclusion/Exclusion Exact Sequence. Associated to every effective regular subdivision of a lattice polygon is a four-term exact sequence which we call the inclusion/exclusion exact sequence. It is not quite canonically associated to the subdivision so we need to choose some orientations that determine signs. Let F ,IE,IV be the set of faces, internal edges (those with a face on either side), and internal vertices (those surrounded by faces) of the regular subdivision. To each face F ∈ F or E ∈ E, let A F , A E be the lattice points in F and E, respectively. Definition 7.1.1. An FE-flag is a pair (F, E), F ∈ F , E ∈ E such that E ⊂ F . Definition 7.1.2. A system of orientations is a set of FE-flags such that each internal edge occurs exactly once and no other edges occur. The system of orientations can be visualized as an arrow across each internal edge.
The exact sequence is
where i is the direct sums of maps induced by the canonical inclusion
is in the system of orientations, o(F, E) = −1 otherwise. Given an internal edge E adjacent to faces F ,
d 2 is defined so that projected onto the R A E summand, it becomes
d 2 computes the difference between functions defined on faces F and F ′ along their common edge E d 1 is given as follows If v is an internal vertex, it is contained in internal edges E 1 , . . . , E k ordered counter-clockwise about v. Let F 1 , . . . , F k be the set of faces surrounding v so that E i is adjacent to F i and F i+1 . Define o(E i ) to be +1 if (F i+1 , E i ) is in the system of orientations, −1 otherwise. Let R A E i → R {v} be the projections induced by inclusions.
where the last map is given by
Essentially, if we view the functions on E 1 , . . . , E k as the difference between the values of the adjacent faces, d 1 computes the monodromy around the vertex. This sequence is easily seen to be exact. Notice also that this sequence is also welldefined and exact if R is replaced by Z.
7.2.
Exact sequence of secondary fan conditions. Let C be a cone in the secondary fan corresponding to a nodal effective regular subdivision of P . We will find an exact sequence expressing L, the lattice of integer vectors perpendicular to C. That is, if V be the minimal subspace of R A containing C, L is the lattice in (Z A ) ∨ consisting of all functions φ satisfying φ(V ) = 0.
For F ∈ F , let V F ⊆ R A F be the set of all functions a : F → R such that that the set {(v, a(v))|v ∈ F } lies in a plane. For E ∈ IE let V E ⊆ R A E be the set of all functions a : E → R so that {(v, a(v))|v ∈ F } lies on a line. Let
Lemma 7.2.1. There is an exact sequence of linear subspaces of the terms in the above exact sequence
Proof. The above sequence is clearly a chain complex, i is injective, ker(d 2 ) = im(i), and d 1 is surjective. Therefore,
Comparing this formula with the equality in Lemma 3.1.3, we see that ker(
is an exact subsequence of the dual sequence
Likewise, we have a sequence of free Z-modules
∨ / / 0 Intersecting this exact sequence with that of the lemma, we get an exact sequence of lattices 0
Exact sequence of point conditions. Suppose that we have full point conditions. We will find an exact sequence containing L + P C 1 .
Definition 7.3.1. For F ∈ F , a triangle, we define P C 1,F to be the lattice in (
For F ∈ F , a parallelogram with vertices v 0 , v 1 , v 2 , v 3 occurring counterclockwise, we define P C 1,F to be the lattice in (Z A F ) ∨ spanned by
Note that in the above definition, the third vector is not a point condition, but is borrowed from the lattice L F . This is simply for notational convenience. Definition 7.3.3. For E ∈ IE, define P C 1,E to be the lattice in (Z A E ) ∨ spanned by
where v 0 , v 1 are the endpoints of E.
Since the intersection multiplicity is the lattice index of L + P C 1 in (Z A ) ∨ which is assumed to be non-zero, L ∩ PC 1 = 0 for dimensional reasons. 
is surjective because every point condition comes from an edge in the dual subdivision. Let us show that for any v ∈ A, a vertex of the regular subdivision that φ v ∈ L + PC 1 . A fortiori we will show that φ v is in the lattice spanned by P C 1 together with all vectors of the form 3 are vertices of a parallelogram so that v 0 and v 3 are along a diagonal. This lattice we call the parallelogram-PC lattice.
By Lemma 3.1.3, the number of point conditions is V − 1 − # where V and # are the numbers of vertices and parallelograms, respectively. Therefore, the number of trees in the point-condition forest is # + 1. Notice that φ v ∈ PC 1 ⊆ L + PC 1 for any vertex v in the same tree as the distinguished vertex (I, J).
If # = 0, the point condition forest has only one tree and contains all vertices of the regular subdivision, so we're done. We now induct on the number of parallelograms. We need the following simple graph theoretical lemma. Lemma 7.3.6. Consider n non-intersecting parallelograms in the plane and n + 1 trees in the plane (some of which may be singletons) such that the union of the trees contains all vertices of the parallelograms and do not intersect the interiors of the parallelograms. Then there is a parallelogram that has two non-diagonal vertices belonging to the same tree.
Proof. The proof is by induction. If n = 1, there are two trees. If no tree contains non-diagonal vertices, then each tree must contain a pair of diagonal vertices. But this is impossible since a path between a diagonal vertices of one parallelogram will separate the other vertices of that parallelogram.
Suppose the lemma is true for n − 1. Consider the case of n parallelograms. Suppose no tree contains two non-diagonal vertices of the same parallelogram. Let P be some parallelogram. By the n = 1 case, at least one pair of diagonal vertices of P do not belong to the same tree. Erase P and draw an edge connecting the diagonal vertices of P that belong to different trees, giving a new forest. This edge belongs to a tree T of the new forest. By induction, one tree of the forest must contain a pair of non-diagonal vertices of some parallelogram P ′ . By assumption, this tree must be T . Similarly, the other pair of diagonal vertices of P (a) belong to the same tree which we call T ′ or (b) they belong to different trees that meet in non-diagonal vertices of a parallelogram which we'll call P ′′ . Now erase P ′ an draw an edge between the vertices of P ′ that belong to T . We now have a circuit between a pair of diagonal vertices of P which separates other vertices of P and contradicts both (a) and (b). in only one generator of the lattice and with coefficient 1. Therefore, when computing the determinant, we may eliminate the row and column corresponding to v, changing the determinant by, at most, a sign. Therefore, the lattice index is equal to One should note that in the nodal case, the lattice index of an intersection point is an invariant of the cone. For more general cones in the secondary fan, the lattice index may depend on the edges in the regular subdivision on which the point condition occurs.
Future Directions
8.1.
Computations. In the future, we would like to compute the degree of invariants formal sums. One possibility is a lattice path counting algorithm similar to [6] . Lattice path counting can be phrased as an intersection problem in a secondary polytope corresponding to points on a line. Another possibility is to find a degeneration formula similar to the tropical Caporaso-Harris formula of Gathmann and Markwig [3] . One hopes that such a degeneration formula has an interpretation in the polyhedral geometry picture. Conversely, a degeneration formula may shed light on a general degeneration formula when working in Gromov-Witten theory relative to a non-smooth divisor.
8.2. Geometric Interpretation. It would be worthwhile to find a geometric interpretation of some of the invariant formal sums. Do any of the new invariants count curves with a particular singularity? 8.3. Higher Dimensions. There is nothing that restricts of our program of intersecting cones in the secondary fan to two dimensions. In higher dimensions, one is studying combinatorial types of tropical hypersurfaces passing through points. It is unclear what the analog if any of nodal cones is and if an analog of Theorem 1.4.1 holds.
